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Abstract
We present a method for constraining Lorentz violation in the electron sector, based
on observations of the photons emitted by high-energy astrophysical sources. The most
important Lorentz-violating operators at the relevant energies are parameterized by a
tensor cνµ with nine independent components. If c is nonvanishing, then there may be
either a maximum electron velocity less than the speed of light or a maximum energy
for subluminal electrons; both these quantities will generally depend on the direction of
an electron’s motion. From synchrotron radiation, we may infer a lower bound on the
maximum velocity, and from inverse Compton emission, a lower bound on the maximum
subluminal energy. With observational data for both these types of emission from multiple
celestial sources, we may then place bounds on all nine of the coefficients that make up c.
The most stringent bound, on a certain combination of the coefficients, is at the 6×10−20
level, and bounds on the coefficients individually range from the 7 × 10−15 level to the
2× 10−17 level. For most of the coefficients, these are the most precise bounds available,
and with newly available data, we can already improve over previous bounds obtained by
the same methods.
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1 Introduction
Currently, there is a great deal of interest in the possibility that Lorentz and CPT sym-
metries might not be exact in nature. If violations of these very basic symmetries are
discovered, they would be of tremendous importance. They would be a very important
clues about the nature of physics at the Planck scale. Many candidate theories of quan-
tum gravity suggest the possibility of Lorentz symmetry breaking in certain regimes.
For example, Lorentz violation could arise spontaneously in string theory [1, 2] or else-
where [3]. There could also be Lorentz-violating physics in loop quantum gravity [4, 5]
and non-commutative geometry [6, 7] theories, or Lorentz violation through spacetime-
varying couplings [8], or anomalous breaking of Lorentz and CPT symmetries [9] in certain
spacetimes.
Ultimately, the correctness of Lorentz symmetry must be verified experimentally.
To date, there have been many high-precision experimental tests of Lorentz invariance.
These have included studies of matter-antimatter asymmetries for trapped charged par-
ticles [10, 11, 12, 13] and bound state systems [14, 15], determinations of muon prop-
erties [16, 17], analyses of the behavior of spin-polarized matter [18, 19], frequency
standard comparisons [20, 21, 22, 23], Michelson-Morley experiments with cryogenic res-
onators [24, 25, 26], Doppler effect measurements [27, 28], measurements of neutral meson
oscillations [29, 30, 31, 32, 33, 34], polarization measurements on the light from distant
galaxies [35, 36, 37, 38], and others.
There are many systems and reaction processes that could potentially be used to set
further bounds on Lorentz violation. This work focuses on experimental limits based
on observations of synchrotron and inverse Compton (IC) radiation from ultrarelativistic
electrons in astrophysical sources. Some of these limits have already appeared [39, 40],
but with new experimental data available, even better bounds are now possible.
In order to evaluate the results of sensitive Lorentz tests, it has been useful to develop
a local effective field theory that parameterizes all possible Lorentz violations. The most
general such theory is the standard model extension (SME) [41, 42]. The SME includes, in
addition to all Lorentz-violating operators that can be written down using standard model
fields, all possible Lorentz-violating terms in the gravitational sector as well [43]. Although
many theories describing new physics suggest the possibility of Lorentz violation, none
of them are understood well enough to make firm predictions. The utility of the SME
is its generality. Working within the SME, we can place bounds on the coefficients that
parameterize any Lorentz violation, and these bounds do not depend on the ultimate
mechanism underlying the Lorentz violation.
Of course, the number of parameters in the most general version of the SME is infi-
nite. Practically, it is usually more useful to restrict attention to a finite subset of these
coefficients. The most commonly considered subset is the minimal SME. This includes
operators which are superficially renormalizable (that is, of dimension three or four) and
invariant under the standard model’s SU(3)c×SU(2)L×U(1)Y gauge group. The one-loop
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renormalizability of a further subset of the minimal SME—the minimal QED extension—
has been verified explicitly [44]. Moreover, radiative corrections to this particular theory
can be extremely interesting. Such interesting effects as photon splitting [45], ambiguous
radiative corrections [46, 47, 48, 49], and radiatively induced photon masses [50] are pos-
sible. The stability of the minimal SME operators, as well as their causality properties,
have also been looked at in detail [51].
Many of the coefficients in the minimal SME have been tightly constrained, but many
others have not. For example, the neutrino sector is barely constrained at all. This work
presents the best bounds on several coefficients in an important sector of the theory.
One of the radiation processes considered here—synchrotron radiation—has already
been the subject of a number of analyses that included Lorentz violations. Several of these
have focused on Lorentz violation through changes to particle dispersion relations. This
follows the popular approach of Myers and Pospelov [52]. Taking a preferred direction
vµ in spacetime, one may add an operator proportional to iφ∗ (vµ∂µ)
3 φ to the Lagrange
density for a scalar particle. If vµ has a time component only, this will add a term
proportional to E3 to the usual relativistic energy-momentum relation E2 = ~p 2 + m2.
Since the statement that vµ is purely timelike is not Lorentz invariant, this condition must
be taken to hold is a particular preferred frame, which is typically assumed to be the rest
frame of the cosmic microwave background. In this framework, the electromagnetic field
is incorporated through the usual minimal coupling procedure. In the presence of this
kind of Lorentz violation, the motion of a charged particle in a constant magnetic field is
modified, but the projection of the trajectory onto the plane perpendicular to ~B remains
circular, and the particle’s speed remains constant. The radiation in the far field can
be determined (including information about polarization) and circumstances that could
enhance observable effects have been identified [53, 54].
Stringent bounds on Lorentz violations with modified dispersion relations have been
obtained from data from the Crab nebula [55, 56, 57]. These modifications can lead
to maximum particle velocities that are less than the speed of light, but the Crab neb-
ula shows evidence of synchrotron emission from electrons with Lorentz factors of γ =
(1− ~v 2)−1/2 ∼ 3×109. For electrons with the conventional dispersion relation, this corre-
sponds to energies of 1500 TeV. The existence of electrons with velocities this large can be
used to constrain the dispersion relation models. If the coefficient of the Lorentz-violating
operator in the Lagrangian has a particular sign, the data show that it must be at least
seven orders of magnitude smaller than O(E/MP ) Planck-level suppression. This method,
of placing bounds on the size of the Lorentz violation based on the inferred velocities of
astrophysical electrons, is the same one we shall use here. However, we shall apply the
arguments to more important superficially renormalizable operators.
If spacetime is noncommutative, this will result in Lorentz noninvariant physics [7].
Synchrotron processes have also been examined within this framework. Because of the
noncommutivity of the coordinates, there automatically are modifications to all sectors
of the theory. The electron sector, the free photon sector, and the minimal coupling
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between the two are all affected. The discussion in [58] covers the particular case in which
a magnetic field and the Lorentz-violating noncommutativity parameter are aligned, so
that the orbits of charged particles in the plane perpendicular to ~B are still given by
circles. It is possible to work out the far fields within this model at leading order in the
noncommutativity. However, there are a number of potential difficulties associated with
the interpretation; these include acausality and problems with quantization.
In section 2, we shall introduce the SME terms that are likely to make the largest
contributions to observable high-energy astrophysical processes. We shall explain why
all other terms should probably contribute negligibly in comparison, but we shall also
discuss how the same experimental data we shall utilize could nonetheless be used to
constrain other Lorentz-violating models. Our bounds on Lorentz violation are related to
the high-energy behavior of electrons’ velocities. The Lorentz-violating modifications of
the velocity are worked out in section 3. There are two important effects. The maximum
electron speed might be less than one; or it might be greater than one, so that there
is a maximum energy for subluminal electrons. In section 4, we discuss the necessary
details of the astrophysical synchrotron and inverse Compton processes, and in section 5,
we describe how parameters such as the maximum electron speed can be inferred from
observed spectral data. Then in section 6, we look at the data that is actually available
and use it to place bounds on the Lorentz-violating coefficients. Finally, we discuss our
conclusions and the prospects for further improvement in section 7.
2 Lorentz-Violating QED
2.1 The c Term
Both modified dispersion relation and noncommutative spacetime theories involve Lo-
rentz-violating operators that are nonrenormalizable by power counting. On the other
hand, there is a unique spin-independent, superficially renormalizable SME coupling that
is consistent with the gauge invariance of the standard model and which grows in relative
importance at high energies. This is a CPT-even two-index tensor cνµ, and this is the
term which we will seek to constrain.
The Lagrange density we shall consider is
L = −1
4
F µνFµν + ψ¯[Γ
µ(i∂µ − eAµ)−M ]ψ, (1)
where Γµ = γµ + cνµγν and M = m, so that
L = −1
4
F µνFµν + ψ¯[(γ
µ + cνµγν)(i∂µ − eAµ)−m]ψ. (2)
Here, ψ is the electron field, and c contains nine parameters that contribute to Lorentz-
violating physics at leading order. The expression (2) is not the full Lagrange density for
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the electron and photon sectors of the minimal SME. More generally, we could have
Γµ = γµ + cνµγν − dνµγνγ5 + eµ + ifµγ5 + 1
2
gλνµσλν (3)
and
M = m+ 6a−6bγ5 + 1
2
Hµνσµν + im5γ5, (4)
as well as terms −1
4
kµνρσF FµνFρσ and
1
2
kµAF ǫµνρσF
νρAσ in the electromagnetic sector. How-
ever, the c coefficients are the only sources of Lorentz violation that we shall need to
consider. As we shall discuss shortly, all other Lorentz-violating terms can either be
absorbed into c or will have their contributions suppressed.
The trace cµ µ only affects the overall normalization of the electron field, and the
antisymmetric part of c has no effects at first order, because at that order, it is equivalent
to a change in the representation of the Dirac matrices.
We shall choose a c that is not symmetric, but rather one with cν0 = 0. This can be
accomplished using a field redefinition. We do this because it will simplify our calculations.
The utility of this choice comes from the fact that, despite the Lorentz violation, the
electromagnetic field is coupled conventionally to the velocity via a vµAµ term. Because
cν0 = 0, the electrostatic potential Φ = A0 is coupled, as usual, to the charge density eψ†ψ,
and the vector potential ~A couples to eψ†~˙xψ. (Although the operator eψ†~˙xψ technically
contains Zitterbewegung, it will be perfectly valid to ignore this effect.) So all the usual
results for the electromagnetic field of a moving pointlike charge continue to hold, once the
charge’s motion is prescribed. Determining this motion is also relatively simple, because
the equation of motion for the particle is the unmodified Lorentz force law.
Moreover, the canonical quantization of the fermion field requires some care when
certain c coefficients are nonvanishing. If cν0 were nonzero, then L would contain non-
standard time derivative terms. In that case, a matrix transformation ψ′ = Rψ would be
required, to ensure that Γ0 = γ0. An explicit power-series expression for the required R
is given in [59]. For simplicity, we shall assume that any such necessary transformation
has already been performed and cν0 = 0. However, this will require us to consider the
canonical quantization in a single frame only. We may not boost the theory into another
frame, because doing so would reintroduce the problematic time derivatives. The precise
frame in which we shall take cν0 = 0 is the standard sun-centered celestial equatorial
coordinate frame that is used in the study of Lorentz violation [60].
The c coefficients for protons are generally more tightly constrained than those for
electrons. The proton’s c values can be measured by precision atomic clock comparison
experiments. Unfortunately, the hyperfine transitions used in these measurements are not
sensitive to c-type Lorentz violation in the electron sector. However, other atomic transi-
tions at much higher energies may be sensitive to the electron c terms; future laboratory
experiments could use measurements of those transitions to constrain many of the same
terms that are being discussed here.
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2.2 Terms to Be Neglected
There are other superficially renormalizable couplings contained in the minimal SME, but
as already noted, the c couplings are most natural in this context, and they should make
the largest contributions to the effects we plan to study. Nonrenormalizable operators—
which are outside the minimal SME—we naturally expect to be suppressed relative to
renormalizable ones by powers of a large momentum scale. When considering synchrotron
and IC radiation, one is primarily interested in particles with very high energies. Lorentz-
violating coefficients that modify the kinetic part of the Lagrangian will grow in relative
importance at high energies, as the components of the momentum become large, so it
is natural to consider only such kinetic modifications; thus we may neglect a, b, and H ,
whose effects do not increase with energy. There remain in Γµ only two sets of Lorentz-
violating that are consistent with the actual standard model’s chiral gauge couplings—the
cνµ terms and also the set of dνµ terms, which have the same form as the c interactions,
except for the addition of a γ5.
However, we do not consider the d interactions here, because their effects are expected
to be small. Contributions from d should average out, because there should be no net
polarization of the electrons in high-energy sources. In fact, for an electron undergoing
circular cyclotron motion, with the spin oriented in the plane of the orbit, the spin ro-
tates by 2πγ g−2
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radians with each orbital revolution. For γ ≫ α−1, the spin will rotate
many times during one orbital period, and any effects proportional to the helicity will be
diminished by the resultant averaging. Moreover, mixing between the standard kinetic
term and the c term (which have the same basic Dirac structure) also causes the effects
of c also grow in importance relative to those of d at high energies [51]. If the scale of the
dimensionless coefficients c and d is O(m/MP ), where MP is some large momentum scale,
then the effects of c grow to be large at momenta |~p | ∼ √mMP , while those of d grow
more slowly, becoming large only when |~p | ∼ MP . [If there is physical Lorentz violation,
then MP may represent the Planck scale. However, for the present purposes, we may take
MP to be effectively defined by the size of c; MP is whatever scale is needed so that c will
be O(m/MP ).]
Modifications of the kinetic Lagrangian that are not invariant under the standard
model’s SU(2)L gauge symmetry can also exist; these are e, f , and g. However, these can
only appear as part of electroweak symmetry breaking, as vacuum expectation values of
higher dimensional (i.e., nonrenormalizable) operators. These operators should therefore
be further suppressed, and we shall also neglect them.
Finally, we may also neglect any Lorentz violation in the photon sector. Modifications
of the free electromagnetic Lagrangian will generally change the speed of photon propa-
gation. Most possible Lorentz-violating terms in the free electromagnetic sector (all the
components of kAF and half those of kF ) give rise to photon birefringence, because photons
with right- and left-handed circular polarizations travel at different speeds. This birefrin-
gence has been searched for and not seen. The limits on the relevant forms of Lorentz
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violation are very strong, and we may safely neglect them. The purely electromagnetic
terms that do not cause birefringence can be accounted for by adding
LF = −1
4
(kF )
α
µαν (F
ρµFρ
ν + F µρF ν ρ) . (5)
to L. However, a coordinate transformation xµ → xµ− 1
2
(kF )
αµ
ανx
ν will eliminate all the
Lorentz violation from the photon sector at leading order [61, 62]. This transformation
shifts the Lorentz-violating physics into the charged matter sector, where it manifests
itself exactly as a cνµ term. So we see that consideration of c captures all the possible
sources of Lorentz violation in a synchrotron process that are not significantly further
suppressed. However, it is important to note that the transformation that eliminates kF
is frame-dependent, and the new coordinates need not even be rectangular relative to
the original ones; so by choosing to consider only this form of Lorentz violation, we are
restricting ourselves to working in a very particular and special coordinate system.
2.3 Alternative Formulations
2.3.1 Alternative Form for c
In many applications, it is more convenient to consider a cνµ which is both traceless and
symmetric. We shall refer to the equivalent c tensor with these properties as cTS, and all
the bounds given here can be easily translated into bounds on the coefficients of cTS.
The trace cµ µ can actually be eliminated from the theory to all orders by a field
redefinition. gνµ+cνµ is a bilinear form that connects γν and pµ in the action. However, its
trace can be fixed to four by inserting a new set of fermion fields ψ′ =
√
1 + 1
4
cµ µψ. (This
field redefinition must be accompanied by a change in the value of the mass parameter
m; however, this change is unimportant for the ultrarelativistic phenomena considered
here.) At leading order, the redefinition changes cνµ to cνµ − 1
4
cα αg
νµ. Symmetrizing
this expression is trivial to accomplish, so the final traceless symmetric cTS equivalent (at
leading order) to our c is
cνµTS =
1
2
(cνµ + cµν)− 1
4
cα αg
νµ. (6)
In fact, clock comparison experiments, which set the best bounds on the c coefficients
for protons and neutrons, have only bounded such combinations as c(XY ) [where the
parentheses denote the symmetrized expression c(XY ) = cXY + cY X ], c0X , cXX − cY Y , and
cQ = cXX + cY Y − 2cZZ . (The coordinate system in which X , Y , and Z are defined is
explained in section 6.) None of these combinations of coefficients is actually sensitive
to whether or not c is traceless. These experiments only constrain eight of the nine
physical c coefficients per species. Clock comparison bounds on the remaining nucleon
coefficients—the (cTS)00 [or equivalently, the (cTS)jj]—have not been calculated, because
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they would be suppressed by two powers of the Earth’s revolution speed, v⊕ ∼ 10−4.
Moreover, the bounds on the nucleons’ c0j terms are already worse than the bounds on
the other coefficients by one power of v⊕. In general, for each time index on an element of
c, the observable effects (which come from violations of boost invariance) are suppressed
by one power of the velocities involved. For laboratory experiments, where the largest
speed available is v⊕, this is a major impediment. However, when the bounds are based
on observations of ultrarelativistic electrons, this fact presents no problem at all, because
the particles’ speeds are all very close to one. Therefore, we can find bounds on all the
physically meaningful electron c coefficients at the same level of accuracy; any differences
in the bounds are due solely to the differing the quality of the data available for sources
in various directions.
2.3.2 Other Theories
We shall be bounding the c coefficients for electrons by looking at the structure of the
theory near the electrons’ maximum velocities. Obviously, without any Lorentz violation,
this maximum velocity is one. However, a c term will generally result in a change to the
maximum speed. If cjk ∝ δjk, the electrons’ limiting speed is the same in all directions;
the free electron theory looks just like ordinary special relativity, but with a different
value for the speed of light. As we will see, a c0j term results is a similar distortion of the
energy-momentum relation, with the added wrinkle that the maximum speed is direction-
dependent. This angular dependence is dipolar; for electrons travelling in a direction eˆ,
the maximum speed is 1 − c0j eˆj . An electron moving the opposite direction will have
a different maximum speed, and in the plane normal to the three-vector defined by the
c0j, the top speed is one. The traceless part of cjk has a similar effect, except that the
deformation of the maximum speed has a quadrupole pattern. (We shall derive all these
facts in section 3.)
So c leads to three kinds of deviations in the maximum election speed, which have three
of the most obvious possible forms. There are other possibilities too, however. Direction-
dependent changes in the speed of light with octopole or higher multipole characteristics
are not possible with just a c term, but they might occur in more general theories. Mod-
ifications of Lorentz invariance which are only important above some large scale M , such
as would result from a deformed energy-momentum relation E2 = m2 + ~p 2 + |~p |3/M are
also possible. However, regardless of the structure of a specific theory, if the electrons’
maximum speed is different from one, bounds of the sort discussed here will be available,
based on the very same observations. As already mentioned, for the theory with the
|~p |3/M modification, some of these bounds have already been worked out [55]. We shall
not pursue the analyses of such alternative theories any further, since the effective field
theory operators that give rise to these kinds of Lorentz violations are generally exotic
and nonrenormalizable, making them less important than c. However, we should keep in
mind that bounds similar to the ones here are possible in these nonrenormalizable theories
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as well.
3 Electron Velocities
3.1 Derivation of ~v
Because the free electromagnetic sector and the coupling to charged matter in (2) are
completely conventional, standard effects in electrodynamics may be used as sensitive
probes of the Lorentz-violating electron sector. In particular, we may place strong bounds
on c by looking at the relationships between energy, momentum, and velocity in the c-
modified theory. At ultrarelativistic energies, the bounds on c that can be derived from
observing the emissions of an electron with Lorentz factor γ go as γ−2. This strong
dependence on γ is a consequence of the rapid growth in the importance of c with energy.
If c is O(m/MP ), its effects will become important at scale E ∼
√
mMP , and the Lorentz
factor at this scale is γ ∼
√
MP /m. So if no effects of Lorentz violation are observed up to
some Lorentz factor γ, this constrains c to be smaller than O(γ−2). (On the other hand,
any bounds on the d, e, f , and g coefficients would scale as γ−1, at best.)
We must understand the effects of Lorentz violation in the free electron sector in
order to place constraints on c. So we shall for the moment neglect the electromagnetic
coupling and just look at how the free electrons behave. In particular, we shall look
at the structure of the electron velocity. This means doing single-particle relativistic
quantum mechanics, starting from a modified Dirac equation [63]. We shall see that
the conventional relations between energy, momentum, and velocity—E = γm and ~π =
γm~v—no longer hold because of the Lorentz violation.
It turns out however, that even in the presence of any of c, the velocity may be found
exactly. With the Lorentz violation, the single-particle Hamiltonian becomes
H = αjπj − cljαlπj − c0jπj + βm. (7)
As usual, the Dirac matrices are αj = γ
0γj and β = γ0. ~π is the mechanical momen-
tum, which coincides with the canonical momentum in the free case; however when we
reintroduce the electromagnetic coupling, the velocity will depend on ~π = ~p− e ~A, rather
than the gauge-noninvariant canonical momentum ~p. The Hamiltonian H generates the
Heisenberg equation of motion for the position operator xk,
x˙k = i[H, xk] = αk − clkαl − c0k; (8)
so in the presence of the Lorentz violation, ~α is no longer the velocity operator, although
the velocity is still an affine function of the αj .
To find the velocity, we must solve the Heisenberg equation of motion for αk. This
equation is
α˙k = i [−2αk(H + c0jπj) + 2πk − 2ckjπj ] , (9)
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and it has an exact solution analogous to the Lorentz-invariant one—
αk(t) = (πk − ckjπj) (H + c0jπj)−1 +
[
αk(0)− (πk − ckjπj) (H + c0jπj)−1
]
e−2i(H+c0jπj)t.
(10)
H and ~π are constants of the motion. The second term on the right-hand side of (10)
is matrix-valued and oscillatory. It is a Zitterbewegung term, completely analogous to
the one found in the Lorentz-invariant case. The Zitterbewegung arises from interference
between positive- and negative-frequency plane waves, and it is solely responsible for
the fact that the components of the velocity do not commute with one-another. The
Zitterbewegung is purely quantum-mechanical in origin, and it may be neglected. The
Zitterbewegung motion can be eliminated entirely if the electron wave packet contains no
negative-frequency components, which is possible if the particle is spread out spatially,
with a position uncertainty larger than the Compton wavelength 1/m. Moreover, to the
extent that we want to consider the radiation from electrons with well-defined velocities,
we must drop the Zitterbewegung, because it prevents us from resolving more than one
component of the velocity at a time.
The Zitterbewegung-free contribution to the velocity is therefore
vk =
1
E + c0jπj
(πk − ckjπj − cjkπj + cjkcjlπl)− c0k. (11)
The Hamiltonian has been replaced by its eigenvalue E. E is the energy corresponding
to the momentum ~π, E =
√
m2 + (πk − ckjπj) (πk − cklπl) − c0jπj . The group velocity
derived from E is the same as the Zitterbewegung-free ~v; however, the algebraic method
of deriving the velocity is more general.
To first order, only the symmetric part of ckj contributes to ~v, as expected. The
antisymmetric part corresponds at this order merely to a change in the representation
of the γj Dirac matrices; such a change can have no physical consequences. [The fact
that (11) depends asymmetrically on c0j and not cj0 is a consequence of the fact that our
calculational methods have already made use of the fact that cν0 = 0.]
We can now see why the effects of c become large at the scale
√
mMP . According
to (11), the velocity might become superluminal when |~π|/E ≈ 1 − |c|, where |c| is a
characteristic size for the Lorentz-violating coefficients. This gives us an estimate of the
maximum value of γ that can be achieved before new physics must come into play if some
form of causality is to be preserved. For ultrarelativistic particles, γ ≈ [2 (1− |~π|/E)]−1/2,
and this diverges at an energy scale Emax ∼ m/
√
|c| ∼ √mMP . Above this scale, the
description of the Lorentz violation through an effective field theory containing only cνµ
terms will generally break down, and higher dimension operators should become impor-
tant.
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3.2 Maximum Velocity
We can exploit the Lorentz violation in the relationship between momentum and velocity
to place bounds on c. There are two crucial and complementary effects. The first effect
is that the maximum electron speed in a given direction eˆ is generally different from one.
The value of this new maximum velocity can be easily calculated to first order in c. We
simply expand vj eˆj to O(c), finding
vj eˆj =
1√
m2 + πjπj
(
πj eˆj + cjk
πjπk
m2 + πlπl
πleˆl − cjkπj eˆk − cjkπkeˆj
)
− c0j eˆj . (12)
At large momenta, we may neglect the mass m. Then in terms of the unit vector πˆ in the
momentum direction, vj eˆj becomes
vj eˆj = πˆj eˆj + cjkπˆj πˆkπˆleˆl − cjkπˆj eˆk − cjkπˆkeˆj − c0j eˆj . (13)
The speed will be maximum when the momentum direction is πˆ = eˆ+O(c). In the terms
that already contain c, the c-dependent corrections to this direction may be neglected;
we may therefore replace πˆ with eˆ in the O(c) terms and then maximize the resulting
expression, which is just πˆj eˆj − cjkeˆj eˆk − c0j eˆj . This is clearly still maximized by setting
πˆ = eˆ, as in the Lorentz-invariant case. So the limiting value of vj eˆj is
(vj eˆj)max = 1− cjkeˆj eˆk − c0j eˆj. (14)
If this is less than one, it can have readily observable consequences.
3.3 Maximum Subluminal Energy
The complementary effect is that there may be a maximum energy available to electrons
with subluminal velocities. This will also generally depend on the direction of a particle’s
motion. To determine this energy, we again use (12), setting vj eˆj = 1. However, in this
case the mass cannot be neglected; instead, we expand to leading order in m2/πjπj . This
gives
1 +
m2
2πjπj
= πˆj eˆj + cjkπˆj πˆkπˆleˆl
(
1− m
2
πjπj
)
− cjkπˆj eˆk − cjkπˆkeˆj − c0j eˆj . (15)
We know from the previous calculation that the velocity in the eˆ-direction will reach the
speed of light most easily (that is, with the smallest momentum) when ~π and eˆ are aligned.
Any corrections to this alignment are at least second order in c. So we may replace πˆ
with eˆ everywhere. Doing this, we have
m2
2πjπj
(1 + 2cjkeˆj eˆk) = −cjkeˆj eˆk − c0j eˆj . (16)
10
Up to corrections of O(c) or O(m2/πjπj), πjπj/m2 is simply E2/m2. The corrections
just mentioned, as well as the c-dependent terms on the left-hand side of (16), may be
neglected. They are small corrections to the expression
E
m
=
1√
−2cjkeˆj eˆk − 2c0j eˆj
. (17)
The maximum subluminal energy E is proportional to the inverse square root of c, which
is not surprising, since for vanishing c, E must be infinite. As is obvious from (17), such
a maximum value for E need not always exist. In fact, according to (14), this maximal
subluminal energy does not exist precisely when the maximum speed in the relevant
direction is less than or equal to one, and this is exactly what one would expect.
3.4 Relationship to Bounds on c
The two conditions we have found, that vj eˆj cannot exceed 1−cjk eˆj eˆk−c0j eˆj and that E/m
cannot exceed (−2cjkeˆj eˆk − 2c0j eˆj)−1/2 without an electron becoming superluminal, look
very different, although they do both depend on c through the expression cjkeˆj eˆk + c0j eˆj .
However, we these two conditions can actually be cast in very similar forms, when they are
related to experimental observations. If we separately observe the existence of electrons
with Lorentz factors up to some value γmax = (1− v2max)−1/2 moving in the eˆ-direction
and subluminal electrons with energies up to Emax traveling in the same direction, then
this restricts cjkeˆj eˆk + c0j eˆj to lie in the range
− 1
2 (Emax/m)
2 < cjkeˆj eˆk + c0j eˆj <
1
2γ2max
. (18)
Naturally, in the absence of Lorentz violation, γ = E/m. By measuring γmax and
Emax, we are constraining the electrons’ energy-momentum relation. The speed of light
is fixed to be one by the conventional electromagnetic sector. This provides a basis for
comparison when we search for Lorentz violations in other sectors. If Lorentz symmetry
is exact, the maximum possible γ and E are both infinite. Yet this is not generally the
case with Lorentz violation, and the Lorentz-violating c terms distort the behaviors of the
Lorentz factor and the energy differently. So it is not surprising that the bounds derived
from γmax and Emax are different, and it is quite convenient that they are actually so
complementary.
4 High-Energy Radiation Processes
4.1 Synchrotron Process
The classical synchrotron process involves electrons revolving helically around lines of
magnetic flux. These accelerated particles emit radiation over a broad spectrum of fre-
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quencies, up to a characteristic cutoff. We shall review the crucial features of this phe-
nomenon, emphasizing those characteristics that will be important for our study of Lorentz
violation. An excellent source that discusses the importance a various effects in determin-
ing astrophysical synchrotron spectra is [64], although the basic material can be found in
many treatments.
We have previously presented a much more detailed account (to all orders in c), of
the synchrotron process in the presence of Lorentz violation [39]. However, most of the
detailed results arising from this treatment turn out to be unimportant for our attempt to
set bounds on c. The predominant effects are the ones discussed in section 3, which were
derived only from the electrons’ energy-momentum relation. There are some other inter-
esting qualitative changes in the behavior of the system that we shall mention; however,
we shall not treat them in great detail.
Thus far, we have used rationalized units for the electromagnetic field and charge.
However, for explicit calculations involving electrodynamics with moving sources, it is
easier and more conventional to use Gaussian units. We shall use these unrationalized
units in sections 4 and 5, so that the formulas will look more familiar.
4.1.1 Synchrotron Motion
The basic phenomenon of synchrotron motion is well known. Charged particles (in this
case electrons) moving a high speeds are accelerated perpendicular to the direction of
their motion by a basically homogeneous magnetic field. Their trajectories curve around
the magnetic field lines. This confines the electrons in the plane perpendicular to ~B,
although they still move freely along the direction of the field. This picture changes only
slightly when a Lorentz-violating c term is added.
At the energies we are interested in, all quantum effects can be neglected. This applies
to both the electrons’ motions and, as we shall see, to the radiation emissions. Quantum
effects could enter through Landau level quantization or spin-dependent effects, or through
the Zitterbewegung. The spin-orbit and Landau level effects make the spectrum discrete,
but the difference between adjacent energy levels is miniscule compared to the energies
involved. Since the quantum numbers are very large, the classical treatment is an excellent
approximation. Similarly, although the velocity that the three-vector potential couples to
is, in principle, the the velocity eψ†~˙xψ including the Zitterbewegung, we know empirically
that Zitterbewegung is unimportant in the emission of astrophysical synchrotron radiation.
The changes to the Zitterbewegung due to the Lorentz violation are minor, and result
in no qualitative differences that would suddenly make this quantum interference effect
important. So we may treat the electromagnetic field as if it were coupled simply to the
group velocity ~v.
The classical result is that an electron’s motion perpendicular to ~B is circular, with an-
gular revolution frequency ωB =
∣∣∣e ~B ∣∣∣ /γm. The radius of gyration is ρ = ∣∣∣~p× ~B ∣∣∣ /|e| ~B2 ≈
E sin θ/
∣∣∣e ~B ∣∣∣, where θ is the angle between the magnetic field and the direction of the
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electron’s motion. The frequency is only slightly modified by the Lorentz-violating c.
Depending on which formula is used, the radius ρ may be more significantly modified;
however, this effect turns out not to be important. Lorentz violation will generally also
shift the periodic part of the electron’s motion out of the plane normal to ~B; the circular
path in the plane becomes an elliptical one tilted out of the plane, and the electron’s veloc-
ity depends on time, varying with an angular frequency 2ωB. The deviations in the shape
and orientation of the orbit are O(c) and can be neglected. Moreover, although changes
to the velocity of the emitting electrons are exactly what we want to measure, we cannot
observe the periodic time variations in ~v directly, because of the way the synchrotron
radiation is emitted.
4.1.2 Synchrotron Radiation
As an electron revolves in the magnetic field, it emits radiation, which, because of the
particle’s ultrarelativistic velocity, is beamed into a narrow pencil of angles around the
instantaneous direction of the velocity. The characteristic angular spread of the emission
is O(γ−1), and this width is generally neglected; instead, we treat all the radiation as if it
were emitted precisely along the tangent vector to the trajectory. The intensity of the ra-
diation caused by any accelerations parallel to the velocity is smaller than the synchrotron
radiation by a factor of O(γ−2), provided the accelerations are comparable. Moreover,
this radiation is beamed into the same narrow pencil of angles as the synchrotron emis-
sion, so it has no angular properties to distinguish it, and it has no meaningful effect on
the observable spectrum.
The frequency spectrum is discrete, all the power being radiated in harmonics of the
fundamental frequency ν0 =
ωB
2π
csc2 θ. The emitted power is spread over all harmonics
less than the critical frequency
νc =
3
4π
γ3ωB sin θ =
3
4πm
γ2
∣∣∣e ~B ∣∣∣ sin θ. (19)
Most of the power is emitted close to this frequency, and above νc, the radiated power falls
off very rapidly. The rate of energy loss of an electron, found by summing the emission
over all frequencies, is
dE
dt
= − 2e
4
3m2
γ2 ~B2 sin2 θ. (20)
The νc in (19) represents the critical frequency for the emissions of a single electron.
If a source contains significant numbers of electrons with velocities up to some maximum
Lorentz factor γmax, then the observed cutoff in the spectrum will be at the cutoff fre-
quency for the most energetic electrons—νc =
3
4πm
γ2max
∣∣∣e ~B ∣∣∣ sin θ. (Detailed calculations
for a truncated power law spectrum are given in [64].) This result for νc is what will allow
us to infer γmax from observations of spectra.
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Quantum effects are unimportant in the emission part of the synchrotron process, just
as they are in determining the electrons’ trajectories. The leading order quantum correc-
tions to the standard synchrotron formulas are negligible if 2πνc ≪ E, or equivalently if
γmax ≪ m2/
∣∣∣e ~B ∣∣∣ [65]. Inserting the electron mass and charge, this is γ ≪ (3× 1013) / ∣∣∣ ~B ∣∣∣
if the magnetic field is measured in Gauss. Since typical magnetic field strengths in syn-
chrotron sources are fractions of mG, the range of γ values over which no quantum modi-
fications are necessary is extremely large. In particular, the classical treatment will apply
up to well beyond the scale of any observed γmax.
4.2 Inverse Compton Process
The highest-energy photons that are emitted by astrophysical sources arise in IC processes.
Low-energy photons (which often come from synchrotron emission) scatter off ultrarela-
tivistic electrons. An electron may transfer a substantial fraction of its own energy to a
photon during such a collision, resulting in the emission of photons whose energies may
range almost up to the scale of the highest electron energies.
The details of IC scattering can be worked out by taking the Klein-Nishina formula and
the usual kinematics of Compton scattering (starting from a frame in which the electron
is at rest) and transforming into a frame where the electron is moving with a speed v ≈ 1.
The details of the cross section will be unimportant in this instance. What matters is the
transformation of the kinematics, which we shall now examine. This subject is covered in
more detail in [64], although the emphasis there is not on precisely the same limit.
Collisions of photons with ultrarelativistic electrons are practically all head-on when
viewed in the electron’s frame. To see this, we note that the Lorentz transformation law
for cosψ, where ψ is the angle between some given direction (which we shall take to be
the direction of the photon’s motion) and the boost direction (which is the direction of
the electron’s motion, since we are boosting the electron from rest into an ultrarelativistic
frame) is
cosψei =
cosψoi − v
1− v cosψoi
, (21)
where the superscripts denote quantities taken in the rest frame of the observer (o) or of
the electron (e), and the subscripts denote that these are initial values, applying prior to
the scattering. As v → 1, cosψe → −1, so ψei ≈ π. Overtaking collisions are extremely
rare, occurring only in a miniscule range of observer frame solid angles.
We are interested in collisions where the fractional change in the photon energy is
substantial. In such collisions, the photon’s scattering angle θe in the electron’s rest
frame can never be small. When we boost into the observer’s frame, all vectors that are
not aligned almost perfectly antiparallel to the boost direction lie, after the boost, within
a small pencil of angles about the boost direction. The fact that θe is not small just
means that the outgoing photon is not moving nearly antiparallel to the electron’s initial
direction; therefore, it rebounds back with a very large observer frame scattering angle,
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θo ≈ π. So the emitted photon is propagating in essentially the same direction as the
initial electron.
This beaming can be understood more simply if we make some approximations. The
photon’s initial energy is small, so for illustrative purposes, we may neglect it entirely.
Then the kinematics of the process are the same as if the incoming photon did not exist;
instead, it looks as if the electron has simply emitted a photon. The electron behaves
almost like a massless particle at these energies, so the process looks almost like the
splitting of one massless particle into two. The only way that energy and momentum
conservation can be satisfied during such a process is if all three momenta are aligned.
When the electron’s mass and the photon’s initial energy are taken into account, small
deviations from perfect collinearity are allowed, but these are unimportant. Just as in the
synchrotron case, the vast majority of the radiation is beamed into an extremely narrow
pencil of angles around the direction of the electron’s velocity.
In the electron’s rest frame, the usual relationship between the initial and final photon
energies ǫi and ǫf is
ǫef =
ǫei
1 +
ǫe
i
m
(1− cos θe) . (22)
Transformed into the observers frame, this is (in the v → 1 limit),
ǫof = ǫ
o
iγ
2 (1− cosψoi )(1 + cos θe cosψei )
1 + γ
ǫo
i
m
(1− cosψoi )(1− cos θo)
. (23)
The Lorentz factor γ is that of the electron. Depending on the value of γǫoi /m, the final
photon energy may be O(γ) to O(γ2) larger than its initial energy. If γǫoi /m ≈ 0.1, for
example, then the maximum energy that can be carried off by the photon is
(
ǫof
)
max
≈
0.4γm. So the IC process allows some electrons to transfer sizable fractions of their energy
to photons, and observed IC photon energies range up to ∼ 100 TeV.
All these calculations have been done in the absence of Lorentz violation. With Lorentz
violation, the two most important results continue to hold. The radiation is strongly
beamed along the direction of the velocity, and the highest-energy IC photons can carry
off significant fractions of the electrons’ energies. Of course, with Lorentz violation, we
must be careful to distinguish between quantities such as γ and E/m, but this is not a
serious complication.
5 Analysis of Spectral Data
The raw data from which our bounds must be derived are the spectra of high-energy
photon sources. These spectral profiles provide information about the emitting electrons’
energy and velocity distributions. The particular quantities we want to extract are γmax
and Emax, so that we may use (18) to bound c. Lower limits on these two quantities can
be extracted in a fairly robust fashion, although for γmax, the analysis can be a bit tricky.
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We shall review here how the values of γmax and Emax are determined. The synchrotron
part of the spectrum tells us about γmax. The highest-energy photons, which arise from
IC scattering, give a lower bound on Emax. The bounds are arrived at in entirely different
ways, and they can be derived completely independently even for a single source.
5.1 Extracting γmax
As it turns out, the analysis required to find γmax is fairly involved. From (19), we can
infer that γmax ∝
√
νc/
∣∣∣ ~B ∣∣∣. The constant of proportionality depends on the sine of the
pitch angle; however, the γmax inferred from assuming sin θ = 1 is always less than the
true γmax. The cutoff at νc is an obvious feature of synchrotron spectra, and a lower
bound on this cutoff frequency can easily be obtained from any spectrum that clearly has
a synchrotron origin. However, the tricky part is calculating the strength of the magnetic
field.
The magnetic field is generally taken to be the minimum energy field which can gen-
erate the low-frequency part of the synchrotron spectrum. This can be estimated fairly
accurately by the following calculation. For illustrative purposes, we shall neglect most
numerical constants, but these would of course be retained in a more detailed calculation.
More details are given for the case of a truncated power law electron spectrum in [64], and
for a broken power law in [66]. Since only the relatively low-energy part of the spectrum is
needed to calculate the magnetic field strength, we may also ignore the Lorentz violation.
Let N(E) be the energy distribution of the electrons. The total synchrotron luminosity
of these electrons between the energies E1 and E2 is
L =
∫ E2
E1
dE
2e4
3m2
γ2 ~B2 sin2 θN(E) (24)
∝ e
4
m4
~B2
∫ E2
E1
dE E2N(E). (25)
The total energy of the electrons is
Ee =
∫ E2
E1
dE EN(E). (26)
Eliminating the electron distribution between these two and neglecting the dependence
on the lower limit of integration E1 gives
Ee ∝ m
4
e4
L
~B2
E−12 . (27)
Neglecting the dependence on E1 is not necessarily a good approximation. In fact, it is
possible for the integrals to be dominated by the energy range near E1. In that case,
the dependence of Ee would be on E
−1
1 instead of E
−1
2 , but the results of our calculation
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would be qualitatively unchanged. Of course, a great deal more care would be required
if we actually wanted to extract information about a real source, and the full behavior of
the integrals over the entire range of energies would need to be taken into account.
We may replace the energy dependence of (27) with a frequency dependence. Since a
given electron emits most of its energy around the critical frequency νc, we may replace
the upper limit on the energy E2 with an upper limit on frequency, and this upper limit
ν2 is precisely the critical frequency for an electron of energy E2. So Ee finally depends
on
Ee ∝ m
11/2
e7/2
L
∣∣∣ ~B ∣∣∣−3/2 ν−1/22 . (28)
We must also determine the energy that is contained in other particles and in the
magnetic field. We assume that the energy in positively charged particles is proportional
to the energy contained in the electrons. The constant of proportionality k can potentially
range from k ≈ 1 if the positive particles are positrons, to k ≈ 2000 if the particles are
protons accelerated to the same speeds as electrons. However, although k may cover a
wide range, the final results will depend quite weakly on its value. A change in k by a
factor of 100 will change γmax by less than a factor of 2.
The total energy in particles is proportional to (1 + k)L
∣∣∣ ~B ∣∣∣−3/2, and the energy in
the magnetic field is easy to calculate. It is simply proportional to ~B2V , where V is the
volume of the region containing the field. So the total energy is
Etot = C
(
m11/2
e7/2ν
1/2
2
)
(1 + k)L
∣∣∣ ~B ∣∣∣−3/2 + ( 1
8π
)
~B2V, (29)
where C is a numerical constant we have neglected. We may either minimize this as
a function of the magnetic field, or choose
∣∣∣ ~B ∣∣∣ according to equipartition, so that the
energy in the magnetic field is equal to the total energy of the particles. Numerically,
the difference between these two methods is negligible, and the dependence of the field
strength on the other quantities is
∣∣∣ ~B ∣∣∣ ∝ m11/7
e
(1 + k)2/7ν
−1/7
2 V
−2/7L2/7. (30)
This depends very weakly on most of the parameters that must be fitted from the ob-
served spectrum. Therefore, the value of the field can be determined quite robustly. By
considering only a limited range of frequencies, up to some ν2, the relevant parameters can
be determined just from the lower-energy part of the spectrum, making the inferred value
of
∣∣∣ ~B ∣∣∣ independent of the value of νc with which it must be combined to give the final
value of γmax. Ultimately, γmax depends on at most the seventh root of any fit parameter
(except νc) that might be in error, and so its value is quite robust. The limited impact of
any possible errors is discussed at length in [66].
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5.2 Extracting Emax
Placing a lower bound on Emax is much simpler. Models of a source’s structure can yield
information about the energies of the electrons doing the emitting. In general, the models
typically require maximum electron energies that are several times larger than the highest
observed photon energies, because IC scattering events do not transfer all of the high-
energy electrons’ energies to the photons. However, to get a more robust bound, we may
take Emax to be the highest actually observed photon energy; this conservative estimate
usually differs from a model-derived bound by less than an order of magnitude. The only
input we require from a model is that the source’s γ-ray emission is well described by the
IC process.
Choosing Emax in this way ensures that Lorentz-violating distortions of the energy-
momentum relation at higher than observed energies are not a problem. If the electrons’
energy-momentum relation became significantly Lorentz-violating at the same scale as the
highest particle energies, then the model results might be inaccurate, because they assume
an unmodified electron dispersion relation up to arbitrarily large energies. However, the
maximum observed photon energy is an absolute lower bound on the electrons’ highest
energies, independent of whether or not there is Lorentz violation.
As already stated, the importance of the models is that they can tell us whether
the high-energy end of a source’s emission spectrum fits with the hypothesis that IC
scattering is the source of the radiation. There certainly are astrophysical sources whose
spectra are not understood; such sources absolutely cannot be used to derive bounds on
c. The quantity Emax is the maximum energy of subluminal electrons in a source. We
can only infer that the electron involved in a particular IC event is moving more slowly
than light if we know that all the electrons in a source have subluminal speeds. The
signature of superluminal electrons would be a radiation spectrum that does not fit any
known mechanism. Faster-than-light motion would definitely represent new physics, so we
cannot predict with any assurance what the radiation from electrons with speeds greater
than one would look like. However, we do expect on very general grounds that they should
radiate energy extremely quickly. For charged particles with superluminal speeds, the rate
of synchrotron emission diverges if the radiation reaction force is neglected. There will
also be vacuum Cerenkov radiation. It is conceivable that the poorly understood spectra
of some extremely high energy sources may actually be evidence of superluminal electron
motion, and it is precisely this reason that only well understood IC sources can be used
to place bounds on Emax.
6 Experimental Results and Constraints on c
There are many sources for which measurements of γmax and Emax have already been
made. The sources with the largest observed values of these quantities will give the best
bounds on the Lorentz-violating coefficients, and we have gleaned the data necessary
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for setting optimal bounds on c from the existing observational literature. There are a
number of model-derived values of γmax in the literature, and we have located seven that
are numerically large enough to contribute usefully to the bounds on c. Unfortunately,
even for many well-studied sources, there are no reliable published values of γmax, and it
might be a worthwhile future undertaking to determine γmax for more of these sources.
Because the evaluation of Emax is more straightforward, we have found more useful
Emax values than γmax values. Many of the best measurements of IC radiation presently
available come from the H.E.S.S. telescope in Namibia. It is the excellent sensitivity of
this device that makes many the limits on the IC side possible. However, the sky coverage
of this device is limited, which is a drawback.
Bounds on SME coefficients are generally given in a sun-centered celestial equatorial
coordinate frame [60]. Right ascension and declination constitute a system of polar co-
ordinates for this same reference frame. However, for parameterizing a quantity such as
c, it is necessary to introduce Cartesian coordinates. The origin of the coordinates is at
the center of the sun. The Z-axis points along the direction of the Earth’s rotation, and
the X-axis points toward the vernal equinox point on the celestial sphere. (That is, the
X-direction is the direction from the Earth to the sun at the occurrence of the vernal
equinox, so at the time of this equinox, the Earth lies along the negative X-axis.) The
Y -direction is chosen according to the right hand rule. The Earth’s orbit is inclined by
approximately 23◦ from the XY -plane. Although it is unimportant here, the origin of
time (T = 0) is conventionally taken to be at the vernal equinox in the year 2000.
Since both synchrotron and inverse Compton radiation are strongly beamed along the
direction of an electron’s motion, when we observe this radiation from a given source,
we are observing emissions from electrons moving in the source-to-Earth direction at
ultrarelativistic speeds. This gives the correct eˆ to appear in (18). In terms of the
right ascension α and declination δ, the components of eˆ are eˆX = − cos δ cosα, eˆY =
− cos δ sinα, and eˆZ = − sin δ; the minus signs come from the fact that eˆ is the direction
for the source to the Earth, not vice versa. It is important to note that the velocity of
the source as a whole will not enter into our calculations in any way; we are looking at
the velocities of individual electrons, and the bulk motion of the source is irrelevant. Of
course however, for distant extragalactic sources, cosmological red shifts would need to
be taken into account.
There are nine components of c that can be bounded with the astrophysical data—the
three c0j and the six-component symmetric part of cjk. Each of the inequalities derived
from (18) generally couples all nine of the coefficients in a nontrivial way. These bounds
may be fairly awkward. However, the coupled bounds may be translated into bounds on
the separate coefficients by means of linear programming. The linear program produces
absolute bounds on each coefficient; these values are the largest and smallest that a
given coefficient can be under any circumstances. Of course, there are also additional
correlations, as it is not generally possible for several of the coefficients to take on their
extreme values simultaneously.
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Emission source eˆX eˆY eˆZ γmax Emax/m
3C 273 0.99 0.13 −0.04 3× 107[67] 2× 105[67]
Centaurus A 0.68 0.27 0.68 2× 108[68] -
Crab nebula −0.10 −0.92 −0.37 3× 109[69] 2× 108[70, 69]
G 0.9+0.1 0.05 0.88 0.47 - 107[71]
G 12.82-0.02 −0.06 0.95 0.29 - 5× 107[72]
G 18.0-0.7 −0.11 0.97 0.24 - 7× 107[73, 74]
G 347.3-0.5 0.16 0.75 0.64 3× 107[75] 2× 107[76]
MSH 15-52 0.34 0.38 0.86 - 8× 107[77]
Mkn 421 0.76 −0.19 −0.62 - 3× 107[78, 79]
Mkn 501 0.22 0.74 −0.64 - 4× 107[80]
PSR B1259-63 0.42 0.12 0.90 - 6× 106[81]
RCW 86 0.35 0.30 0.89 108[82] -
SNR 1006 AD 0.52 0.53 0.67 2× 107[83] 7× 106[83]
Vela SNR 0.44 −0.55 0.71 3× 108[84] 1.3× 108[85]
Table 1: Parameters for the astrophysical sources that we shall use to constrain c.
References are given for each value of γmax or Emax.
To constrain the nine Lorentz-violating coefficients to lie within a bounded region of
the parameter space requires at least ten inequalities. If these inequalities are all derived
from measurements of γmax or Emax, then at least nine sources must be used. Together,
the γmax and Emax bounds for a single source constrain the allowed parameters to the
region between to parallel hyperplanes; nine such hyperplane pairs would be needed to
produce a completely bounded region.
Table 1 lists the data for fourteen sources for which good measurements are available.
We have added several more sources to the list that was used in [40]. These include sources
for which good data have only very recently been released, as well as additional extra-
galactic sources, such as the blazars Markarian 421 and Markarian 501. The additional
sources allow for significant improvements in the bounds on some of the c coefficients.
In addition to the astrophysical bounds, we have included some other comparable
bounds in the linear program. This improves the resolution for the individual coefficients
significantly, because the inequalities derived just from the astrophysical bounds do not
complement one-another optimally. If only the astrophysical bounds are considered, the
nine-dimensional polytope region within which the c coefficients must lie turns out to
be fairly elongated. Individual cνµ coefficients are allowed to take on values significantly
larger than the typical γ−2max values, because of possible large cancellations with other co-
efficients. However, since bounds derived from laboratory experiments have completely
different forms, they are excellent complements to the astrophysical constraints and im-
prove the situation markedly.
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cµν Maximum Minimum
cXX 5× 10−15 −3× 10−15
cY Y 2.5× 10−15 −7× 10−16
cZZ 2.5× 10−15 −1.6× 10−15
c(XY ) 3× 10−15 −3× 10−15
c(Y Z) 3× 10−15 −3× 10−15
c(Y Z) 1.8× 10−15 −2.5× 10−15
c0X 4× 10−15 −7× 10−15
c0Y 1.5× 10−15 −5× 10−16
c0Z 2× 10−17 −4× 10−17
Table 2: Independent bounds on the components of c. The astrophysical data do not
improve on the results of [86] for c(XY ) and c(XZ). The lower limit on c(Y Z) is also controlled
solely by the data from [86]; however, the upper limit has been improved by adding the
astrophysical information.
The additional bounds that we use come from optical resonator tests. These tests are
usually used to place bounds on the parameters of the SME photon sector. However, the
same experiments may be used to place bounds on the electron c coefficients [86]. The key
realization is that electronic Lorentz violations will modify the structure of a crystalline
resonator, and this effect can be worked out systematically, provided Lorentz violations for
nucleons can be safely neglected. These experiments then yield measurements of c(XY ),
c(XZ), c(Y Z), and cXX − cY Y . The measured values of these coefficients in [86] are at
roughly the 10−15 level, with standard errors of the same magnitude. {Note that [86] uses
a different convention for symmetrizing the cjk coefficients, so that the quoted values of
c(jk) in that paper are smaller by a factor of two.} There is no compelling evidence from
these measurements that any of the coefficients are nonzero. Therefore, we shall use these
results to derive bounds that are symmetric about zero. If the measured value and error
for a particular c(jk) is α ± β, we shall treat this as a bound |c(jk)| < |α| + 2β, which
is valid at at least the 2σ level. The resulting bounds on |c(XY )| and |c(XZ)| are about
3 × 10−15; for |c(Y Z)| and |cXX − cY Y |, they are slightly more stringent, at better than a
2.5× 10−15 level.
The output of the linear program is given in table 2. Since these bounds represent the
absolute maximum and minimum values that are possible for each coefficient, they are not
always as tight numerically as the raw bounds. We observe that the cryogenic resonator
bounds are still the best for |c(XY )| and |c(XZ)|; the lower limit on c(Y Z) also comes solely
from [86]. However, the bounds on almost all the other coefficients are comparable to
or better than the resonator bounds, and there are some significant improvements over
the results presented in [40] as well. The bounds on c0Z are especially strong, while in
laboratory experiments, boost invariance violation coefficients such as c0j are typically
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harder to constrain. This shows the advantage of deriving bounds from emissions by
relativistic sources.
7 Conclusion
The various bounds in table 2 are generally similar in their orders of magnitude, and this
observation is actually quite interesting. The methods we have used could not actually
detect a nonzero cνµ directly. Instead, the signature of Lorentz violation in high-energy
astrophysical sources would be emission spectra that could not be modeled by conventional
radiation mechanisms. If the calculated bounds on certain Lorentz-violating coefficients
were significantly weaker than others, that would be an indication that those coefficients
might actually be nonzero. However, we see no indications that any particular components
of c are more likely to be nonzero than others.
The bounds that can be derived by combining the astrophysical and resonator data are
in some cases many orders of magnitude better than the bounds on the same coefficients
that could be extracted by other methods. Doppler shift measurements can only constrain
the c0j coefficients to be less than about 10
−2. So the improvements here are by more than
twelve orders of magnitude (fourteen orders for c0Z). Moreover, with better sky coverage
and more sensitive detectors, even greater precision ought to be possible.
However, there are some fundamental limits to the how accurate these astrophysical
measurements can be. There are different ways to search for Lorentz violation. Lab-
oratory tests generally involve extremely high precision measurements. One may then
compare the results of these measurements when they are made in different reference
frames. The rotation and revolution of the earth naturally provide a selections of ob-
servation frames with different orientations and velocities. Some experiments also utilize
measurement apparatuses that rotate in the laboratory or beams of particles moving with
substantial velocities in the lab frame. In all these kinds of scenarios, experimental ac-
curacy is the most important limitation to setting tight bounds. Questions relating to
metrology and long-term experimental stability can be very important, and the exper-
iments can be extremely demanding technically. However, as the accuracy with which
measurements can be made improves, the bounds on Lorentz violation will always im-
prove accordingly. Bounds on Lorentz violations can usually be smaller than the errors
involved in the absolute measurement of a quantity, because Lorentz violations possess
characteristic signatures (such as sidereal variations) whose existence can often be very
strongly excluded.
Astrophysical tests of Lorentz symmetry are rather different. The astrophysical bounds
on kF and kAF come from searches for photon birefringence. The data sets involved
are noisy; the sources are irregular, and the detectors are not always especially precise.
However, extremely tight bounds may be derived by taking advantage of cosmological
distances. A tiny effect on the propagation of photons will be magnified by an incredibly
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long line of sight to the source. It is this line of sight that is the most important limitation
on the precision of these bounds, and so these bounds cannot generally be improved by
systematic improvements the way laboratory bounds can.
The bounds derived from astrophysical synchrotron and IC sources are similar. In
this case, it is not very large astrophysical distances that we are utilizing, but very high
astrophysical energies. At these energies, miniscule Lorentz-violating terms can lead to
obvious changes in the observed spectra. However, again these bounds are not subject
to perpetual improvement, however much the systematics of our measurements improve.
Better sky coverage and more accurate detectors surely will allow us to improve these
bounds somewhat, but there is an ultimate limit that we cannot pass beyond. This limit
is set by the actual maximum energies of electrons in these sources. Above some energy,
there will simply exist too few electrons for us to observe their radiation, no matter
how sensitive our detectors become. So other laboratory-based methods of constraining
the c coefficients, perhaps relying on precision measurements of atomic transitions at
optical frequencies, may ultimately produce more accurate results than these astronomical
methods.
However, at present, the astrophysical bounds we have derived are the best currently
available for most of the cνµ coefficients. The bounds on all the coefficients are at about
the 10−15 level or a little better. As better experimental data become available, the
bounds will continue to improve, and these results are further clear demonstrations of the
usefulness of astrophysical data in constraining violations of Lorentz invariance.
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